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THE ATIYAH-SINGER INVARIANT, TORSION INVARIANTS,
AND GROUP ACTIONS ON SPHERES
BY
DONALD E. SMITH'

ABSTRACT. This paper deals with the classification of cyclic group actions on spheres
using the Atiyah-Singer invariant and Reidemeister-type torsion. Our main tool is
the computation of the group of relative homotopy triangulations of the product of a
disk and a lens space. These results are applied to obtain lower bounds on the image
of an equivariant J-homomorphism.

Introduction. Smooth actions of finite groups on spheres which are semifree (the
only isotropy groups are the identity subgroup and the whole group) and semilinear
(the fixed set is a homotopy sphere) have received a considerable amount of
attention in the past decade (see [20,21] and references there). Rothenberg [16]
produced exact sequences relating groups of semilinear spheres to Wall groups and
homotopy groups of classical groups and function spaces. Similar results were
announced by Browder and Petrie [S] who carried out rational calculations using the
Atiyah-Singer invariant (see the remarks after 5.4). Subsequently, Schultz refined
and generalized these techniques to obtain much more detailed information
[18,19,20). Finally, Ewing’s application of the G-signature theorem to semifree
actions [7,8] was an important contribution to the analysis of Rothenberg’s se-
quences (see 3.4, 5.3 below).

In this paper, we study PL actions which are semifree and semilinear, as well as
smooth near the fixed set. The advantage of this hybrid category is that in it explicit
calculations with the Atiyah-Singer invariant can be carried out which allow classifi-
cation of semilinear spheres. These are modeled on Wall’s study of free piecewise
linear actions of odd order cyclic groups on spheres [25,§14E]. Out of these
calculations come the invariants which detect elements in the image of an equi-
variant J-homomorphism.

1. Definitions and summary of results. Let G be a cyclic group of odd order ¢ and
let a = n © u be a representation of G which is the sum of the trivial n dimensional
real representation and an orthogonal representation u such that G acts freely on
S(u), the unit sphere of u. An a-manifold is a PL manifold with a semifree PL
G-action together with the following additional structure: (1) A neighborhood of the
fixed set is provided with a sliced concordance class of G-smoothings [11]. (2) The
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local representation of G at a fixed point is equivalent to a. The appropriate notions
of PL homeomorphism, cobordism, etc. are those which preserve this additional
structure.

Let S, be the set of G-PL homeomorphism classes of semilinear a-spheres. Let CS,
be the set of G h-cobordism classes of semilinear a-spheres. Lastly, RS, will consist
of pairs (Z, t) where 2 is a semilinear a-sphere whose fixed set F is diffeomorphic to
the standard sphere S” and ¢: S” X D(u) — X is an equivariant trivialization of the
normal bundle of F in 2. On such pairs we put the equivalence relation of G
h-cobordism preserving the trivialization. As in the smooth case [16, 18], equivariant
orientations give these sets the structures of abelian groups via connected sum.

The group S, is what we would like to compute. In §2, we use torsion invariants to
reduce its computation to that of CS,. There are exact sequences just like those in
[16] relating CS, to RS, and RS, to more familiar groups. Moreover, as explained in
§3, the Atiyah-Singer invariant is defined on RS,, so it is a fairly tractable group. In
§3, we also analyze the dependence of the Atiyah-Singer invariant on the trivializa-
tion.

The primary method of constructing elements of RS, uses S, (D"*!' X L, §" X L)
the group of relative homotopy triangulations (L = S(u)/G): To the universal cover
of a homotopy D"*! X L one glues S" X D(u) equivariantly to get an a-sphere.
This group is the subject of §4. It is calculated precisely using the Atiyah-Singer
invariant, Whitehead torsion, and a so-called splitting invariant.

In §5, we use the results of the preceding sections to study CS, and find that it is
finite if n is even and described by our invariants modulo the cokernel of an
equivariant J-homomorphism if » is odd. Then we turn to the image of this
homomorphism. The classification results of §4 imply integrality conditions for our
invariants which enable us to obtain lower bounds on the order of the image of the
equivariant J-homomorphism much in the way that integrality conditions on the
A-genus enabled Kervaire and Milnor [10] to estimate the image of the classical
J-homomorphism. Precisely, let F(u) be the space of self G-maps of S(u) and let
C(u) = F(u) N O(2d), 2d = dim u. Our equivariant J-homomorphism

J(u): g C(u) = 7y Fu)

is induced by the inclusion C(u) — F(u). Forgetting the G-action gives ¢:
image J(u) — image J where J: m,, _,SO — w3, _, is the stable J-homomorphism.

THEOREM 5.9. Let u underlie the unitary representation of Z, taking 1 to the d X d
diagonal matrix with entries X = e*"/9 where d > 2k. Suppose q > 2k + 1 is an odd
prime. Then the Atiyah-Singer invariant induces a homomorphism

Ty F(u) = Q(N)/Z[A]

which detects a subgroup of order q in the kernel of ¢.

Since the cokernel of ¢ is easily determined, ker ¢ is the only unknown part of
image J(u).

Some of the results of this paper are contained in my Ph.D. dissertation written at
the University of Chicago under the direction of Professor M. Rothenberg. I would
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2. A torsion invariant. In this section, we define a torsion invariant for semifree
actions on disks and spheres and use it to reduce the equivariant PL homeomor-
phism classification problem to the problem of equivariant 4 cobordism classifica-
tion. This invariant is based on Milnor’s torsion invariant for free actions [13, 15].
The results of this section hold for smooth actions as well as our PL actions.

Let X be a semifree finite G-CW complex. Let C denote the cellular chain complex
C.(X, X% Q). It is free over the rational group ring QG. Suppose that G acts
trivially on the homology of C. Set QR; = QG/QZ where 2 is the sum of all the
elements of G. Then QR;C is a free, acyclic QR;-complex and has a basis
corresponding to the cells of (X — X)/G. So it has a well-defined torsion.

DEFINITION 2.1. The torsion of X, denoted by 7( X), is

7(QR;C) € K\(QR;)/*G.

If X is a semilinear sphere or disk, 7( X) is defined.
DEFINITION 2.2. Let X € S,. Then 7(X) = 7(S(a @ 1)) — 7(X).
The reason for introducing 7, is that it is a homomorphism

7. Sy = K|(QRG)/*G,

as one checks using excision. The following theorem is the basis of most results
about 7,.

THEOREM 2.3 [17]. Let D, be the group of a-disks and DS, the group of equivariant
PL homeomorphisms of S(a) (under a suitable relation; see [17]). Then there is an
exact sequence

a®1 Ja®1

k
0- DS, > S,e, — Dyo — S, = CS, >0

a

where the first map glues two copies of D(a) together, k deletes a linear disk, j takes the
boundary, and the last map is obvious. Moreover, if dim u > 2 and n > 1 there is an
isomorphism t,: D, — Wh G and the composite

K aja
WhG ~ D,y — D,~WhG
is multiplication by 1 + (-1)"*1,

PROPOSITION 2.4. There is a commutative diagram

k
S, - D,
AEA leg

K(QRG)/*G < WhG

where p is induced by .G — QG.
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Proor. If X € S,, regard k( X) as a subset of X. There is a based exact sequence
0 - C,(k(X), k(X°)) > C, (X, X°) > C,(X, X U Kk(X)) -0
and a relative G-cellular isomorphism
Co(X, XU k(X)) ~C,(S(a®1), S(a®1)%).

Thus, 7(X) = 7(S(a © 1)) + p(7(k(X))). This completes the proof.
Hence 7, factors through the Whitehead group. In fact, it is well known that p is
injective, so we shall henceforth regard 7, as a homomorphism 7,: S, - WhG.

PROPOSITION 2.5. Let a = n © u, where n > 1 is odd and 2d = dim u > 2. Then 7,
is surjective, while 7,4, is zero.

PROOF. By 2.3 and 2.4, we have a commutative diagram

0 - Do > S, ~ cs - 0

~] L7 XA
0 - WhG = WhG - WhG/2WhG - 0

so it will suffice to prove that 7, is onto. For this, consider the diagram:

K h D
L} 12441(G) i Lai24+1(G) - WhG/2WhG - 0
l ! Il
s (D™, $") X L) - Sh((D"',S")X L) > WhG/2WhG - 0

The first row is the Rothenberg sequence relating Wall groups for simple and

ordinary homotopy equivalences [22]. D is onto since L 44(G) = 0 by [4]. Hence 7/,
g

the reduced Whitehead torsion, is onto. If g’ is the composite S& — RS, — CS,,

4

where g is as in §4 and the second map is obvious, then since 7,
that 7, is onto.
To see that 7,4, = 0, we simply note that S, — D,e; is zero since 7, © j o 15" is
multiplication by -2. But —7,4, is the composite S,q, = D,s =~ WhG by 2.4.
REMARK. The sequence relating S° and S* in the preceding proof is actually short
exact.

g’ = 7, it follows

3. The Atiyah-Singer invariant. In this section, we discuss the Atiyah-Singer
invariant and define it on RS,. We then investigate the influence of the trivialization
of the fixed set’s normal tube on the invariant.

Let M2*~! be a closed, oriented PL manifold with a free G action. Then a number
(say r) of copies of M is the oriented boundary of an oriented, free G-manifold W 2,
Let Sign(G, W) be the G-signature of W and Sign(g, W) its value at g € G.

DEfINITION 3.1. The Atiyah-Singer invariant of M is the function on G — {1}
with values in Q(e2"'/7) given by

O(g, M) = _%Slgn(g’ W)
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The restriction to G — {1} is made so that o(M) is independent of W. ¢ is
real-valued if k is even and imaginary if k is odd. It depends only on the equivariant
h-cobordism class of M.

A very useful generalization of 3.1 for smooth manifolds is obtained if W is not
required to have a free action. In this case,

O(g, M) = r_l(L(g’ W) - Slgn(g,W))

where L(g, W) is the characteristic number in the G-signature theorem [3, 6.12, 7.4].

For our purposes, a reformulation of ¢ will be convenient. Let T be a preferred
generator of G and let G be the dual group of G. It is cyclic of order g and has as
preferred generator the character x taking T to e?"'/49. Regard the G-signature as a
virtual representation, i.e., as an element of 7G. Restricting to G — {1} means
factoring out by the regular representation 1 + x + x> + - -+ + x9~ . Division by r
then puts 0 in QR = Q ® R, where Rz = ZG/Z(1 + x + - + x77Y). Actually,
o lies in R2[1/4q] as can be proved by a bordism spectral sequence argument.

Now let (2, t) represent an element of RS,, where a = 2m — 1) © u. Set

2, = (2 — ¢($?! X interior D(u))) Uy, D™ X S(u),
the result of surgery on 7. We then define o(Z, 1) = o(Z)).

LEMMA 3.2. The Atiyah-Singer invariant induces
0: RS, > Rg[1/q], a=(2m—1)Ou,
which is a homomorphism if m # d (2d = dim u).

The proof is a routine but complicated application of Wall’s generalized Novikov
additivity theorem [24].

Now we shall study the dependence of the Atiyah-Singer invariant on the
trivialization of the normal bundle of the fixed set in the ambient sphere. If C(u) is
the centralizer of u(T) in O(2d), then G-trivializations of S” X D(u) correspond to
maps h: " - C(u). We obtain a homomorphism f: m,C(u) = RS, by taking A to the
standard a-sphere S(a @ 1) with

7% D(u) & 57 X D(u) C S(a® 1)

as trivialization, where if(x, y) = (x, h(x)(y)). When n =2m — 1 is odd, we can
use o to analyze f.

First, we need to specify our representation # which, so far, has figured only as an
equivalence class. Henceforth u will be the real representation underlying the unitary
representation of complex dimension d taking the preferred generator T of G to the
diagonal matrix with entries of the form A, where A = e2"/9and k € 4 = (j € Z |
(j,q) =1and 1 <j<gq/2}. If ¥ has multiplicity d,, then C() is isomorphic to
the product of unitary groups Il ,U(d,). Since the structure group of a G-vector
bundle ¢ with fiber u over a trivial G-space reduces to C(u) [6,§35], £ splits as a
direct sum of complex d, dimensional bundles §;, k € A.
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Now let ¢ € m,,,_,C(u) (we use § to denote the corresponding G vector bundle
over S™ also). If (=, t) = f(£), then =, is the sphere bundle S(£) of £. Since S(¢)
bounds the associated disk bundle D(¢),

o(T, f(£§)) = o(T, S(£§)) = L(T, D(¢)) — Sign(T, D(¢)).
Sign(G, D(£)) is the G-signature of a bilinear form on the cohomology of ( D(§), S(¢))
(see [3,p. 588]) and is zero if m # d. To describe L(T, D(¢)), we recall from

[2, Theorem 6.27] that the Atiyah-Singer invariant of S(u), which we shall denote by
o(L) (L = S(u)/G), is given by

xk+l)dk
x‘ =1

o(L) =0(G,S(u)) = I

kEA

as an element of QR . Following [8], let M (N, £,) be the multiplicative sequence
belonging to the power series
()\k—l)(}\"e’+l)
N+ 1)\ Net =1/

Then L(T, D(§)) = 2"o(T, L)1, IN(N, £,)[S>™]. As in [8], IMN(N, &) =1+
@, (N)c,(£,), where @, (A¥) is a polynomial expression in A* with rational coeffi-
cients and c,, is the mth Chern class. Thus

(3.3) L(T, D(£)) = 2"o(T, L) T ®,(N)c,()[S*"].

kEA

A Chern number in the sum is zero unless d, = m since m,,,_,U(d}) is finite if
d, < m and isomorphic to Z if d, = m. According to [8, Lemma 2.4], the numbers
®,( M), k € A, are linearly independent over the rationals if m > 1.

PROPOSITION 3.4. Assume m > 1 and m # d. The homomorphism =,,,_,C(u) —
Q(A) given by & o(T, f(£)) induces an injection on m,, _,C(u)/Torsion. Thus
7y,,—1C(u)/Torsion — RS, is injective.

ReMARK. The injectivity statements are valid if m = d, too.

For our work below on the equivariant J-homomorphism, we need some informa-
tion about the polynomials ®,(x*) in x*. Since ®,,(x*) is obtained from ®,(x) by
replacing x with x¥, it suffices to study ®,(x). We begin with the identity [8, p. 436]

el m d x— 1 xe'+1 2xte’
® -t)" = -t=lo =
$ e =i -

in the formal power series ring QG[[¢]]. Letting f(1) = 2xte'/(x2%* — 1), we have
®,(x) = (-1)"f")(0)/m!. By differentiating f repeatedly and using induction, one
may prove

LEMMA 3.5. We may write

2xQ,.(x*)
o =
(0 (m—1!(1—x*)"
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where Q,, is a polynomial of degree < m — 1 with integer coefficients. Moreover, there
is another polynomial R, with integer coefficients such that

0n(») = (-2)" '(m = Dy™ ' + (y = DR,(»).
For our final version of o(G, f(§)), let c,,(§,) be given by

ca(§)[8?7] = (m — 1)'c,(&).
This is possible by [9, p. 280].

COROLLARY 3.6. Suppose m # d. Let &£ € m,,,_,C(u). Then
o(f(£)) =2"o(L) T x (1 +x*)"Qu(x**)en(€)(1 = x*) ™.

ked
PrOOF. From 3.3, we have in R3[1/q]

L(G, D(¢)) =2"0(L) T ®,(x")cn(£)[S*"].
keA
Since m # d, o( f(§)) = L(G, D(§)). The desired formula now follows from 3.5 and
the definition of c;,.

4. Homotopy triangulations of D"*"' X L. Let Si (D""!' X L, S" X L) be the
abelian group of relative homotopy triangulations of D"*! X L, where L = S(u)/G
is the lens space of u. Given a homotopy equivalence #: N - D"*! X L such that 9A
is a PL homeomorphism, let £ = N U, S" X D(u) where " denotes universal cover.
Give S” X D(u) its natural trivialization ¢,; then (Z, ¢,) represents an element of
RS,. Sending h to (2, t,) induces a homomorphism

g: Sk (D" X L,S" X L) - RS,

which is the most useful means of constructing elements of RS,.

This section is devoted to computing S& (D"*! X L, S" X L) and is based on
C. T. C. Wall’s classification of fake lens spaces [25, §14E). The answer is complete
when u is the representation dx with dx(T) = A - (d X d identity matrix) and nearly
so in other cases. We use the surgery exact sequence to carry out the computation.
Normal maps into D"*! X L which are PL homeomorphisms on the boundary are
classified by

[(D”H, S") X L; F/PL] ~ @, F/PL @[En+lL’ F/PL]'

(Here, [ ] denotes based homotopy classes of based maps; spaces without natural
base points are given arbitrary base points.) First we introduce a suspension
construction for triangulations which enables us to construct and classify all normal
maps. Then we use the G-signature on Wall groups to complete the calculation.

LEMMA 4.1. Let ¢: L*“~ ' - $?97! collapse the (2d — 2)-skeleton of L to a point.
Then

¢*: 1y 0gF/PL »[ 22741247 F/PL]

is an isomorphism. The order of [S*"L*?~', F/PL] is q'¥/?) if m is odd and q'4~V/?)
if m is even ([r] is the greatest integer < r).
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PROOF. Let 7: $2¢7! - L be the covering projection. The three maps =, ¢, and cm
have cofibration sequences which fit into a braid diagram [12, p. 1.10]. Applying the
functor [—, F/PL] gives a braid of exact sequences. Since 7, F/PL is known, we
can use inductive arguments to extract the statements of the lemma from this braid.

COROLLARY 4.2. For any integer m =0, S5 (D>™*!' X L, §*™ X L) =0 where
¢ = h (homotopy) or s (simple homotopy).

PRrOOF. In the surgery exact sequence
LS, 2441(G) = Sg (D> X L, S X L)

0
= Ty F/PL O[S L, F/PL] > L5,,.154(G),
LS, +24+1(G) = 0 by [4]. Since m,,,, , F/PL = 0 and 6 is injective by the diagram

[
[EZMHL’ F/PL] > L5,124(G)
Te* 1 injective

Tym+24F/PL > L2m+2d(l)

and 4.1, the corollary follows.

We now introduce suspension. Let = be an a-sphere and give S' a free G-action
via the character x? where (p, g) = 1. Let CZ be the cone on Z.

DEFINITION 4.3. The suspension of 2 is

SxS'=3IXD*UCZ XS,

the join of £ and S' with diagonal G-action. If #: S" X D(u) — £ is an equivariant
trivialization of the normal bundle of = in =, ¢t X Id p2: §" X D(u) X D? » = X
D? C = * S! trivializes the normal bundle of (£ * S")in = * S'. We let (2, ¢) * S!
denote the suspension of Z with this trivialization.

It is straightforward but tedious to prove that suspension is additive and compati-

ble with respect to A-cobordisms. So we obtain, for example, a homomorphism * S':
RSa d RSaQXP.

LEMMA 4.4. If 2 is an a = n © u-sphere, then
'ra@xp(z * S') =1(2).

PrOOF. We show that 7(Z * §') = 7(2) — (-1)"7(S"'). The lemma follows from
this and the definition of 7,. There is a relative G-cellular isomorphism (= * S!, £ U
S - (8% (= X 8", S°) (compare [15, proof of 4.1]). Since 7(S° * (2 X §')/S%)
= 7EXSY, 1(Z*SH=7Z)+7(S") — (2 X S"). By [15,1.28a], 7(Z X S!)
=1+ DM)7(SY, so (xS = 17(2) — (-1)"(SH).

THEOREM 4.5. Let (2, t) represent an element of RS,. Then

o((2,1) *+8') = o(=, t)o(SY).

PrOOF. This is a generalization of [25, 14A.1]. Let N be a free oriented G-manifold
with 9N = r-Z,. Add handles D"*' X D(u) along D"*' X S(u) to each copy of =,
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in dN to get a manifold with boundary r- 2. Cone off each copy of = to get a closed
manifold N whose G signature equals that of N. Note that as oriented manifolds
2 =9(-C2).

Let P? be a free oriented G-manifold whose boundary consists of s copies of S'.
Cone off each to get a closed manifold P. Note that S' = 3(-CS").

The product N X P has a decomposition like that of N. Namely, N X P consists of
rs copies of cones CZ X CS' glued to D"*!' X D(u) X CS' along S" X
9(D(u) X CS') together with a free G-manifold W. Now

I(CE=T X CS')=9(-CEZ X -CS')===*S".
It follows that 3W = —rs(Z * S'), 14, Therefore
rso((Z, t) » S') = Sign(G, W) = Sign(G, N)- Sign(G, P)
= (-ro(Z, t))(-s0(S")) = rsa(Z, t)o(S").

REMARK. There is an error in [25, 14A.1]. Wall does not take account of the fact
that the orientation of W coming from the product orientation on N X P induces the
negative of the join orientation on the boundary. Thus his invariant p = —¢ is not
multiplicative for joins; o is.

Suspension on RS, induces a suspension on Sg (D"*' X L, $" X L) as follows.
Given h: N - D"*' X L, g(h) = N U §" X D(u) is an a-sphere. If from g(h) * S'
we delete S” X D(u) X CS' and pass to quotients by G, we obtain a homotopy
triangulation of D"*! X L24*!  where L*?*' = (S(u)*S')/G. Thus we have a
homomorphism

* Sll SIC’L((D"+I’ Sn) X L2d—l) N Slc’L((Dn+l’ Sn) e L2d+l).

We shall compute Sg; (D™, S~ ') X L29~ ") by applying three invariants to the
modified surgery exact sequence

(4.6) 0- E§m+2d(G) - S?L((Dzm, Szm_l) X L)
- m,, F/PL®[2?"L, F/PL] - 0.

The first invariant is 7/, the mod 2 reduction of Whitehead torsion. The next is the
Atiyah-Singer invariant, defined on S§; by o(h) = 6(g(h)). Finally,

Z, m even,

sot SeL((D?7, 82"71) X L) - {Zz, m odd,

is called a splitting invariant. sy(h) is the surgery obstruction of the normal map
obtained by making & transverse to D™ X point. Both s, and 7’ are unaltered by
suspension (the latter by 4.4) and o(h * S') = a(h)a(S') by 4.5.

Before our next result, we recall a fact about the behavior of ¢ on the image of the
Wall group and some facts about the ring R ; from [25, p. 205].

PROPOSITION 4.7 [25,13A.4). Write L,,(G) = L,,(1) ® L,,(G). Then the G-signa-
ture Sign: L3,(G) - ZG is injective with image {432,V %a (x" + (-1)"x"")|a, €
z).
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As for R, there is an augmentatlon ¢ R — Z, induced from the augmentation
e: ZG - Z taking each x’ € G to 1. Let I; be the kernel of ¢'; the kernel of ¢ maps
isomorphically to I; under the natural projection 76 - R¢. Also, 1 is a principal
ideal with generator (x — 1). This generator is a unit of R4l1/4q], so Iz is an
invertible RG-submodule of Rg4(1/q). For any n € Z, 1%/1; 1t~ Z,. Finally, the
involution on ZG taking x' to x~ passes to an involution on R 5. We say Y ERgis
real if y = y and imaginary if y = -y. Re stands for “real elements of” and similarly
for Im.

Now we treat the case m = 2k = 4. The following result is essentially [25, 14E.6].

PROPOSITION 4.8. Let
o’: [(D*, $*~1) X L2~' F/PL]| - R¢[1/9]/R¢
be induced by o. Then o’ takes the summand [Z**L, F/PL] isomorphically to
Relz?*?/ReR¢ if d is even and to Im I3%**/Im R if d is odd. Each normal

cobordism class in [E**L, F/PL) contains a simple homotopy equivalence with o
divisible by 4 and s, = 0.

PrOOF. We use induction on d to prove injectivity. For d < 2, [S**L, F/PL] =
by 4.1. If d = 3, suppose inductively that we have simple homotopy triangulations
h;: N, —» D* X L2473, 0 <i < ¢!¢“"2/2 such that (a) o(h;) € 15*"D*? and (b) if
i #j, o(h;) Z0(h;) mod R;. From these, we shall construct triangulations of
D* X L2471 satisfying (a) and (b) with d in place of d — 1.

Let *S' be suspension by the action of G on S' via x”. Then o(h, * S') =
o(h)o(S") = a(h)(x? + D/(x" — 1) € 4Iz4*2 1f o(h, + S') = o(h, * S")
mod R then o(h;) = o(h;) mod R¢, so (b) holds for the 4, » S'.

When d is even, the orders of [Z**L?4~3 F/PL] and [24*L??!, F/PL)] are equal,
so the h; = S! satisfy (a) and (b) with d in place of d — 1 and are sufficient in
number. When d is odd, act upon each &, by ¢, € £§k+2d_2(G) with Sign(G, ¢;) =
4j(x +x7"), 0<j < gq. This is possible since d = 3 implies 7, L?“"* ~ G, so 4.7
applies. We get new triangulations @k, with o(¢;4,) = a(h,) + 4j(x + x™'). Now
form @;h; * S'. Then (a) holds.

We claim that if i # s or j 1, then o(@;h, * S') —o(q,h, * S') & R¢. For if
i # 5, ¢;h; and @ h have distinct emod R, so their suspensions do, too. If

o(ph, *S') —o(ph xS") =4 —)(x +x")x?+1)/(x” — 1) ERg

then 4(j — t) € I; = ker ¢, so we must have j = 1.

Hence o’ is injective. Since Re/;9*?/Re R has order ¢l“~P/21 if d is even
(similarly if d is odd), the image of o’ is as claimed. Finally, the triangulations all
have s, = 0 since they were obtained from the identity map of D** X L? by normal
cobordisms and suspensions and these do not alter s,.

COROLLARY 4.9. The homomorphism
(0,50): Sp (D, $471) X L2471) » Rg[1/9] © Z

is injective and o takes the kernel of s, isomorphically to 4 Re 102‘“2 (respectively
41m I13%*?) if d is even (respectively odd).
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PrROOF. The second assertion implies the first. To prove it, note that the o
invariants of two normally cobordant simple homotopy triangulations differ by an
element of 4R; and 41;772/4Rz~ 19" /R¢, so surjectivity follows from 4.8.
Injectivity follows from the surgery sequence (4.6) and 4.7.

Thus Sp is free abelian of rank (g + 1)/2 (by (4.6)), so its image under (o, s,) is
of finite index in Re R; © Z (d even) or Im R; © Z (d odd). To compute it, we look
at ¢’ on m,, F/PL.

LEMMA 4.10. If k = 2 there is a generator of m,, F/PL whose ¢’ invariant is 80(L)
mod R¢.

PrROOF. Let M* be a Milnor manifold of signature 8 and g: (M,dM) —
(D*, S%~1) a degree 1 normal map with dg a PL homeomorphism. Then g X Id,
is a normal map and sy(g X Id,) =1. Also, o(g X Id,) =e(M X L) =
Sign M -o(L) = 8o(L). This completes the proof.

Do surgery on g X Id, to get a simple homotopy equivalence s,. Then sy(h,) = 1
and o(hy) = 80(L) + ¢, where ¢ € R; is the G-signature of the trace of the
surgery. A, generates an infinite cyclic subgroup H of S3; mapped isomorphically to
Z by s,. So S ((D*, S* ') X L)~ H ® kers, and the image of (o, s,) lies in
1;¢ ® Z and is the sum of 4 Re I:"? and the subgroup generated by (86(L) + ¢, 1).

THEOREM 4.11. If k =2, o and s, determine each element of S3; ((D**, S*~1) X
L**~Y) uniquely. o takes values in 13 and is real or imaginary as d is even or odd. The
only relations between o and s, are the (mod q) relation

0 =80(L)s, mod I;*?
and the 2-primary relation
o =ys, mod4lz’.

PROOF. All but the last assertion have been established. By a Chinese Remainder
Theorem argument, the two relations are equivalent to ¢ = (8o(L) + ¥)s,
mod 4/3%** and so our assertion follows from the sentence before the theorem.

THEOREM 4.12. Let k = 2. If h;: N, > D** X L, i = 1,2, are two homotopy triangu-
lations for which o, v (Whitehead torsion), and s, agree, there is a PL homeomorphism
Nl d Nz.

PROOF. Since s, and ¢’ of the k; agree, h, is normally cobordant to #, by some
W — D* X L X I. That is, h, is obtained from h, by the action of some ¢ €
L%y 124(G). Since Sign(G, @) = a(h,) — o(h,) = 0 and D(g) = 7'(hy) — r'(h,) =
0, @ is zero by the Rothenberg sequence of 2.5. Thus W is an A-cobordism and since
7(h,) = 7(h,), it is an s-cobordism. This completes the proof.

Whitehead torsion is related to the Atiyah-Singer invariant, but only by a
2-primary relation since one may change the torsion of a triangulation by any even
element of Wh G using an A-cobordism and this does not change o. The connection
occurs in the Wall group L% ,(G) as follows. Let WG be the subgroup of real units of
Z.G whose augmentation is 1. Then WG ~ WhG by [25, 14E.2], so we identify the
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two. For each integer r, the character x” extends to a ring map ZG — Z[A] taking
WG to Z[A + X']*. Let sgn: Z[A + X"']* > {=1} be the signum function. Then
sgn o x: WG — { =1} factors through WhG/2 Wh@G, so we define

S: WhG/2WhG - 2ReZG

by S(w) = Z9Z|[sgn(x"(w)) — 1]x". According to [25,13A.5], the only relation
between Sign and D on L% (G) is Sign(G, ¢) = S(D(¢)) mod 4. This translates into
o(h) = S(7’(h)) mod 4R if h lies in the image of

Ly 24(G) > ShL((D*, S%*~ 1)y X L).

PROPOSITION 4.13. If h is a homotopy triangulation,
o(h) — S(v'(h)) — ¥so(h) € 437,

PROOF. h is normally cobordant to a simple triangulation k since L;4(G) = 0.
Write h = pk asin 4.8, ¢ € L%, ., ,(G). Then

o(h) = Sign(G, 9) + a(k) = S(D(@)) + ¥so(k) = S(7'(h)) + ¥so(h) mod 415%.

THEOREM 4.14. If k =2, each H € Sk (D*, S*~1) X L**™Y) is uniquely de-
termined by o( H), 7'(H), and s ( H). The relations

0 =80(L)s, mod Iz
and
o =S(7') +¢s, mod4lz?

and the only relations between o, 7', and s, valid on all of S}, .

PROOF. We need only prove that if a € Iz, n €Z, and w € WhG satisfy
a =(8o(L) + y)n + S(w) mod4I3:?*2, then a, n, and w are realized by a triangula-
tion. Let 4 be a triangulation such that 7(h) = w (cf. 2.5). Then

o(h) =(8a(L) + ¥)so(h) + S(w)
=(80(L) + ¢)so(h) + a — (8a(L) + ¢)n mod4Iz%+2,

so a —a(h) = (80o(L) + ¢y)(n — so(h)) mod4lz*">. By 4.11, there is a simple
homotopy triangulation k with o(k) =a — o(h) and sy(k) = n — sy(h). Hence
(0, 59, 7Yk + h) = (a, n,w).

REMARKS. 1. Since h, is determined only up to the action of L}, ., ,(G), ¢ is well
defined only modulo 4R ;. In general, I do not knows its mod 4 coset. However,
when u = dx, ¥ € 4R so it disappears from our relations. This result depends on a
good deal of work on triangulations of D** X (complex projective (d — 1)-space)
and will not be discussed here.

2. We shall not discuss the case m = 2k + 1. One obtains results like those above,
except that the lowest dimensional case of 4.8 must be assumed in order to begin the
induction. However, if u = dx, this assumption is met.
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Our last result concerns the suspension
« S 85 (D%, §4%~1) X L24°1) - S5 (D%, S41) x [24+1)
by the action of G on S' via x”, where (p, q) = 1.
THEOREM 4.15. If k =2 and d = 2, * S' is an isomorphism.

PRrOOF. Recall that under suspension, o is multiplied by

o(S)=(x"+1)/(x* - 1)
and s, and 7 are unchanged. Now o(S') is a unit of R5[1/q] by [25,p. 205] and
(o, 59, T') is injective, so * S' is injective. For surjectivity, let h €
SeL((D*, §4~1y X L?¥* 1) and (a, n,w) = (a(h), so(h), '(h)). Then

a=8c(L* ")o(S')n mod I39!
and
a=S(w)+y(d+1)n mod4lz*!
where Y(d + 1) is the y corresponding to L>*!. Hence
o(S")'a=80(L* ")n mod 1392,
o(S) 'a=06(8Y)"'S(w) + o(SH) ' W(d + n mod 413

and all elements are suitably real or imaginary since o(S') is imaginary. Now
o(S")' + 1=2x?/(x” + 1) and S(w) E 2R, 50 o(S')'S(w) = —S(w) = S(w)
mod4R;. Thus o(S')'a = S(w) + o(S")'Y(d + 1)n mod4I;%. So as long as
o(S")'Y(d + 1) = Y(d) mod41z%, (o(S")'a, n, w) will occur as the invariants of
an element of S§; (D*, $*~') X L??~") and we will be done.

To see this, let h, be as after 4.10 so that o(h,) = ¥(d) + 8a¢(L**""). Then
o(hy*S') = o(S)Y(d) + 80(L??*") and sy(hy*S') = 1. Hence o(S")W(d) =
Y(d + 1) mod 413%*". This completes the proof.

REMARK. The theorem is valid if m = 2k + 1 = 3 and u is such that the analog of
4.8 holds, e.g. if u = dx.

5. Applications. Let « = 2m — 1) ® u, m = 3. We shall use our results on
St (D*, §%~1) X L) and the homomorphism f to study a-spheres. Our groups are
linked by the braid:

J(u)
7 i be - Y "—\_.
Mom-16(W @,y Mom-1F (W)

0 és 0
W@l
NSNS Ner N S
R5a®1 TTZm(F(u),C(u)Qrm RSa n2m-1(F(u)’C(u))@r2m-1
/N S N ¥ \ v/
anC(u)\)' m, F(u) s‘;L((Dzm,sz“"l) XL) cs, TS W@,
o1,
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The two zero groups are from 4.2. T, is the group of h-cobordism classes of
homotopy n-spheres. F(u) is the space of self G-maps of S(u). The map g was
treated in §4 and f on 7,C(u) in §3. If ="*' is a homotopy (n + 1)-sphere
constructed by glueing two disks together with a diffeomorphism j of S* and A:
S" - C(u), then f(h, Z) is the standard a-sphere with trivialization A o (j X Id), A
as in the definition of f after 3.2. §(Z): D""' X L - D"*' X Lis justj X Id, where
J: D" - D"t extends . 6 is described on 7, ( F(u), C(u)) in the proof of 5.2. @
and w’ are the knot invariants of [16; 18, pp. 310-311]. The map CS, - m,,,_,C(u)
® I,,,_, classifies the fixed set and its normal bundle in the a-sphere. The sequences
involving f and w are from [16, 5]; Schultz [18] derived that involving «’ from them.
Recall that C(u) ~ I, ¢ ,U(d,). Thus 7. C(u) are finite and =,,, ,C(u) has rank
equal to the number of d, = m.

PROPOSITION 5.1. If n # 2d — 1, then m,( F(u),1d) is finite. Moreover, if n < 2d — 2,
there is a homomorphism i,: w,F(u) — @, to the stable n-stem whose kernel and
cokernel are q-groups.

PROOF. Let F(u, p) C F(u) be the space of G maps preserving a basepoint j. We
shall compare F(u, p) to the loop space 22¢7'S24"! and F(u) to F(u, p) to prove
the proposition.

Let m: $2971 > L be the covering projection and p = 7( p). The identity compo-
nent of F(u, j) is homeomorphic to the identity component of the space Map(L, p)
of pointed self-maps of L, so 7, F(u, p) ~ 7 Map(L, p). Forgetting the G-action
induces an inclusion i: F(u, p) = 22¢7'S247! which we analyze using the commuta-
tive diagram:

Map(L, p) ~ F(u, p) 4 Q2d—1g2d-1

a* \ / 924 -1 P
92(1 -1 L
22977 induces an isomorphism on 7, since 7 does for * > 1. By elementary
obstruction theory, the kernel and cokernel of the map induced by #* on =, are
g-groups. Thus i, is an isomorphism modulo g-torsion. Recall that 7,224 152471 jg
always finite and isomorphic to 7, if n < 2d — 2 [23].

Now the homotopy sequence of the evaluation (at p) fibration F(u, p) - F(u) -
§24-1 shows that 7, F(u, p) - m,F(u) is an isomorphism if n <2d — 2 and an
isomorphism modulo torsion if n = 2d — 1. Putting these results together completes
the proof.

LEMMA 5.2. The homomorphism 8 factors through S§; (D"*', S™) X L). Hence the
torsion subgroup of m, (F(u), C(u)) © I, lies in the kernel of 8. In particular, 6i, is
zero on my, F(u).

PrROOF. If y: (D"*!, ", pt) - (F(u), C(u),1d), then 8(y): D""' X L - D"*! X L
is induced by (x, y) - (x, y(x)(»)). Since

0(v)
ptXLCD™ XL S D' xL3L
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is the identity and the first and last maps are simple, #(y) is a simple homotopy
equivalence. Next, if 2"*' = D"*' U, D"*" is a homotopy sphere, 7(#(Z)) = 0 since
the extension j: D"*! — D"*! is necessarily simple. So 6 factors through the simple
homotopy triangulations.

The remaining assertions are true because S§, (D**, $4 1) X L) is free abelian
(4.9) and 7, F(u) is finite.

COROLLARY 5.3. Let a=(2m — 1) ®u, m=2. Then S, ~ CS,e, is finite. If
m = 2k, then CS,q, =~ Tor(my (F(u), C(u)) ® Iy,) and RS, o, =~ 7, F(u).

PROOF. Modulo torsion, d and f are both injective, the latter by 3.4. Thus, the
same holds for § and so CS,e, = ker @ is finite. That S, is isomorphic to CS, g, is
contained in the proof of 2.5.

If m = 2k, then the injectivity of § modulo torsion and 5.2 show that the kernel of
0 is the torsion subgroup of =, ( F(u)C(u)) ® I,,.

REMARK. The finiteness result is due to Ewing, who proved the linear indepen-
dence of the @, (A\) in [8] in order to obtain it.

Now we turn to a-spheres, where a = (4k — 1) ® u and d # 2k. Then g is a
rational isomorphism, so there is a unique extension of s, on S§; to s,: RS, - Q.

THEOREM 5.4. Ifa = (4k — 1)@ u,k = 2,and k #+ 2d, then RS, ® Q and CS, ® Q
are completely described by o and s, and S, ® Q by these two invariants and 7,.

PROOF. Because g ® Q is an isomorphism, (o, s,) takes RS, ® Q isomorphically
to ReQR:® Q or ImnQR;® Q as d is even or odd. CS, ® Q is the quotient of
RS, ® Q by the image of f ® Q. We already have a formula for ¢ o fon m,, ,C(u)
and shall shortly have one for s, © f, so we can exhibit a basis for (g, 5, )(image f ® Q)
and thus describe CS, ® Q. Finally, we have the sequence

0-WhG-S,-CS, -0

from the proof of 2.5, and 7, ® Q splits WhG® Q - S, ® Q.

REMARKS. When m = 2k + 1, there are slightly weaker counterparts of 5.2-5.4. In
this case, the splitting invariant s is Z,-valued so disappears rationally.

Because the smooth analogues of our PL groups differ from the latter by torsion,
Theorem 5.4 describes their rational structure, too. Browder and Petrie computed
RS, ® Q using (o, ;) in [5, Theorem 4] and lacked only Ewing’s result in their
description of CS, ® Q.

Explicit calculation of RS, is not possible in general. We have determined the
behavior of our invariants on the subgroup (image f + image g) of RS,.
RS, /(image f + image g) is isomorphic to the cokernel of the equivariant J-homo-
morphism J(u) in our braid diagram, so it is presently intractable. Spheres in
RS, — (image f + image g) are very difficult to construct, as f accounts for changes
of trivialization, and g for other constructive techniques including surgery on the free
part and surgery on the fixed set preserving the trivialization. Yet such spheres exist;
see 5.12 below for some examples which are even smooth.

On the other hand, we can estimate the image of J(u). For the relations between
our invariants on S}, may be viewed as integrality conditions on characteristic
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numbers which give rise to invariants on 7, _,F(u). To begin, we introduce a
normalized version of o. Let

w=o(L* )" 0: RS, - Rg[1/4]
(2d = dim u). Then p is real-valued.

INTEGRALITY THEOREM 5.5. If k = 2, then the invariants p. and s,: RS, — Q satisfy
the following conditions on the subgroup g(Sh ((D**, S*~1) X L)):

(a) p takes values in the real elements of R ;.

(b) s, takes values in the integers.

(c) p — 8s, takes values in the real elements of I G;
Thus we have homomorphisms:

(2) i Ty F(u) > RG11/q)/ R

(b) So: My F(u) > Q/Z.

() i — 85y: my— F(u) > QRG/ I3

PROOF. The three conditions are simply reformulations of 4.14. The homomor-
phisms are defined using the exact sequence for g, in which w: RS, - m,,_F(u) is
surjective.

REMARKS. Calling (a) an integrality condition is a natural thing to do if one
observes that, under the homomorphism QR — Q(A) sending x to A, R is taken
to the ring Z[A] of algebraic integers.

The second relation of 4.14, 0 = S(7’) + s, mod 4] G?"’, gives a homomorphism

¢ = S(7,): 1y (F(u), C(u)) > R¢l1/9]/4R5(1/4]
if Y E4Rssince oo f € 4R3[1/q] by 3.6 and 7, o f = 0. I have not yet had success
computing it.

To study 5,, we now define s, geometrically. In [26], an invariant / of a manifold
M* " with framing ¢ is defined by (M, t) = L(W )W ] — sign W where oW = M
and L(W) is the Hirzebruch class of W, made into a relative class using z. Given
(2, t) representing an element of RS,, some multiple N(Z, t) = (§%~1*24 ¢y and
we set I(Z, t) = I(S*%*~'*24 ') /N. Then s, = —I.

LEMMA 5.6. Let SG(2d) be the space of degree 1 self-maps of S**~' and i:
F(u) - SG(24d) the inclusion. Then there is a factorization:

Tap—1 Fu) _— Q/Z
iy 55
Ty-15G(2d)

Moreover, if d > 2k,5, maps the odd primary part of the image of J: m,_,SO(2d)
= Ty 15G(2d) monomorphically into Q/Z.

PrROOF. The factorization comes about because there is a map from the exact
sequence of g to its nonequivariant analogue. Now / induces a homomorphism
Typ—14+245°¢ = Q/Z. By [27,p. 215], this coincides at odd primes with Adams’
e-invariant [1], so §; detects the odd primary part of the image of J when d > 2k.
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For later use we shall need an explicit formula for s, o f. To obtain it we use the
diagram

]
7,(SG(2d), SO(24)) - my_S0(2d)
le Vf
Sp (D%, 8% 1) x 82¢71) & Rs(1)5Q

which is just the nonequivariant version of a square in our braid diagram. Let
Y € 7, (SG(2d), SOQ2d)), d > 2k. Then sy f(9y)) = s{(6(y)) = (Sign M")/8,
where M’ is obtained by making 6(y) transverse to D** X pt. Now y gives rise to a
fiber homotopy trivialization

I: E = D% x R Uy, D% x R 2" 5% x R4 R4

of the R**-bundle E —» S* corresponding to y. Clearly Sign M’ = Sign M, where
M = T'"}(0) is obtained by making T transverse to 0 € R?¢. Now h: M => E — S* is
a degree 1 normal map and M is stably isomorphic to h*(7S* @ 9y). So if L( p) is
the Hirzebruch polynomial in the Pontrjagin class p of [3, 6.5], then

Sign M = 2*L(p(wM))[M] = 2*L( p(37))[S*].
Thus si( f(37)) = 22*3L( p(37))[S**]. Since m,,_,SO(2d) ~ Z, we have for any
§ € my1SO(2d),

so( f(§)) =227 °L(p(€))[S*].
Now the coefficient of the k th Pontrjagin class p,(£) in 22KL( p(¢)) is
22K(22~1 — 1)B,/ (2k)!,

where B, is the kth Bernoulli number as in [14, Appendix B]. If { comes from
Ty U(d), then py(€) = (~1)* - 2¢5,(§). Letting c5,(§) = ¢, ()S*1/(2k — 1! as
in §3, we have

LEMMA 5.7. If § € m,,_\U(d), then

so( f(€)) = (- 2% (2% = 1)Byes, (£) /k.

The homomorphism i, of 5.6 or 5.1 restricts to ¢: image J(u) — image J. We shall
now use this and the invariants of (a) and (c) of 5.5 to estimate image J(u«) in terms
of image J. Reca}l that 7y, \C(u) ~ @, , 74— \U(d;), where d is the multiplicity of
the eigenvalue A/ in u. Since the invariants p and s, vanish on the torsion subgroup
of m,,_,C(u), let us treat the case when m,,_,C(u) is free abelian, i.e. each nonzero
d; > 2k. Assume also that d = 3¢ ,d; > 2k so m,,,SG(2d) ~ m}_, is stable.

LEMMA 5.8. If d > 2k, the kernel of ¢ is a g-group. If, in addition, each nonzero d,
is = 2k, then @ is surjective if k is odd and has cokernel L, if k is even.

PROOF. The kernel ¢ is a subgroup of the kernel of i, which, by 5.1, is a g-group.
The cokernel of ¢ is the same as the cokernel of m,, U - m,,_ ;SO which is well
known to be Z, if k is even and 0 if & is odd.
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We now use i and g — 85, to study ker ¢. Unfortunately, we must make the
assumption that only one d;, say d,, is nonzero. Thus our representation u = dx.
The need for this restriction is explained after 5.10 below. According to 3.6, if
¢ € my,_,C(dx), then

p(£(£)) = 227 'x (1 + x) 2 Quu(x?)ene ()1 — x) 7

Now 1 + x is a unit of R [25,p. 205] and (1 — x)%* generates I3, so po f
mod R ¢ is determined by Q,,(x?). Lemma 3.5 shows that Q,,(x?) € R and that as
long as (2k — 1)! is relatively prime to ¢ (eg. q=2k+1 is a prime), then
€(Q21(x*) = Q2x(1) Z0mod q (¢: R¢ — Z,, the augmentation), so Q,,(x*) & I3

THEOREM 5.9. Let g =2k + 1 be a prime, k = 2, and suppose d > 2k. Then the
image of J(dx) contains a subgroup of order q. It lies in the kernel of ¢ if ¢ # 2k + 1.

ProoF. If £ generates 7, ,U(d), the order of u( f(£)) mod R equals the order of
Q2 (x*)(1 = x)**mod Rg. (I5**/R¢ is a g-group.) Since Q,,(x?) & I¢ this is at
least g. By Lemma 5.10 below, g € I§ ' C I3, so the order is exactly q. Thus &
detects a subgroup of order ¢ in 1mageJ(dx). For ¢ > 2k + 1, it lies in ker¢
because image J has no g-torsion [1].

LeMMA 5.10. If q is a prime, then q factors in R; as q = 60(1 — x)7~' where
0=(1+x)1+x+x>) (1 +x+-+ x92). Therefore g € I§~' — I}

PROOF. Let ZG — Z[A] be given by x > A. Since A is a root of the polynomial
p(1)=19""+ 972 + ... + 1+ 1, our map factors through R as E: Rg — Z[\].
Because g is a prime, p is the minimal polynomial of A and E is an isomorphism. The
roots of p are the primitive gth roots of umty sop(t) =M%=/t = N') and g = p(1)

I9-(1 — N). Hence, in Ry, ¢ =T(1 — x') = 6(1 — x)" . Thus g € 1§~ ' To
see that ¢ & I%, note that £(6) = (¢ — 2)!= (g — 1) = +1mod g by Wilson’s
theorem.

REMARK. Here is the difficulty one encounters in generalizing 5.9 to representa-
tions like that in 5.8. We find that E(u( f(£))) = 2***'- 3, ;¢5,(¢,)e; where

2e; = 2M(1 + M) 240, (W)(1 — M) = (2k — 1)1®,,(N).

Asin 5.9, the e; satisfy ge; € Z[A] but e; & Z[A]. Moreover, {e,|j € A4} is a basis for
Q(A + X over Q since {®,,(N\)} is [7]. One would like to conclude that E(u( f(£)))
mod Z[A] generates a Z,, vector space of dimension equal to the rank of m,,_,C(u)
as & runs through 7, _,C(u). Unfortunately, this does not follow from the rational
linear independence of the e;. Perhaps it can be proved if we know more about
D,, (M)

We have not yet used the invariant g — 85, which, on the face of it, is stronger
than ji. Butif ¢ >2k + 1,g€ I ' C 132 sop(f(q-¢)) € I3 for ¢ € myy_ lC(u)
Also, our formula for sq( f(£)) precedmg 5.7 shows that so( flq-§) el 7 if
q > 2k + 1 since the denominator of B, /k is prime to gq. Thus g — 85, is no better
than i. However, if ¢ = 2k + 1, the story is different. In that case, i detects only the
g-torsion which ¢ takes to image J.
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THEOREM 5.11. Let ¢ = 2k + 1 be a prime and d > 2k = 4. Then the image of
J(dx) contains a cyclic subgroup of order q* whose subgroup of order q lies in ker @.

PROOF. Let e = x(1 + x)*Q,(x*)(1 — x)2* and B = (-1)*B,(2**"' — 1)/k.
Then (p — 8sy)(f(£)) = 22k(2e — B)- c5,(¢). We shall show that g-(2e — B) =
0mod I% but that g*(2e — B) = 0mod /3. This will prove that the image of (& —
85,) © f is cyclic of order ¢2. The remark about the subgroup of ker ¢ follows since
image J has g-torsion cyclic of order ¢ which must come from =,, _,C(dx) by 5.8.

Observe that any real element of I; is automatically in Ié. Since p — 8s,, is real
valued, this allows us to work mod I; instead of mod / (% The advantage of this is
that elements of R ; are congruent mod I to their augmentations.

Now we reduce 2ge and g8 mod ;. Using 3.5 and 5.10,

2ge =2-2740,,(1)g- (1 — %)™
=2-22K(=2)* "2k — 1)16
=-(¢—2)!=-1 mod ;.
Next, according to [14, B.3], (-1)*¢B, = + 1 mod q. The remaining factor of 8:
Q% '=1)/k=Q72-1)/k=-1/2k=+1 modg.

Thus g8 = + 1 mod I and 2ge — gB = -2 mod /. The theorem follows.
ExXAMPLE 5.12. Let k =2 or 3, d > 2k. Then J: m,,_,SOQ2d) - =;,_, is onto.
Using this and a Postnikov decomposition of L*?~! one can show that if ¢ > 2k + 1

Ty Fldx) ~ Z,9m)
and if ¢ = 2k + 1 we have an exact sequence
0-2,- Ty 1 F(dx) = 7y = 0

and the g-torsion in m,, _, F(dx) is Z ;2.

Therefore our invariants it and i — 85, detect all the g-torsion in image J(dx). It
would be interesting to know if they always do this.

Using 5.8 and 5.1 one may show that when k = 2, J(dx) has cokernel Z,.
Therefore RS,q 4, # image f + image g (see the third paragraph after 5.4). In fact,
there are even smooth 7 @ dx-spheres which are not obtained from homotopy
smoothings of D® X L?¢~! or m,C(dx).

Finally, @myF(dx) ~Z, ® Z,. Thus 5.3 and the result = F(dx) =~
Tor my( F(dx), C(dx)) yield

RS3eu ~ 1L, D Z,, CSioux ~ L, ®L, O3 ~2,09Z,DZ,.
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